Introduction and statement of results
Let us consider a nite Coxeter system (W; S). This means that W is a nite group and S W is a set of generators such that the following relations form a set of de ning relations for W: s 2 = 1 for all s 2 S and (st) m(s;t) = 1 for all s 6 = t; where m(s; t) denotes the order of st 2 W. We will assume throughout that (W; S) is irreducible.
It is the purpose of this paper to prove that the isomorphism problem for integral group rings has a positive solution for W, and to classify the automorphisms of the (abstract) group W, its integral group ring ZW , and the associated generic Iwahori-Hecke algebra H. All of our results can be stated in general terms with one exception: this is the actual classi cation of group automorphims of W, where type A 5 does not t into a general scheme (see Theorem 1.4) . This might also be a reason why our proofs have to depend to some extent on a case by case examination according to the classi cation of nite irreducible Coxeter systems. We shall now describe our main results in more detail.
Every group automorphism of W induces a permutation of the classes and of the It will be essential for us to know precisely which automorphisms x . This is given by the following result. Note that a central automorphism of any ring is an automorphism which xes all elements in the center of this ring. In the case of an integral group ring ZG the Noether{Skolem theorem shows that central automorphisms are precisely those which are given by a conjugation with a unit of Q G.
If the Zassenhaus Z2{Conjecture is valid for W then this implies that every normalized ring automorphism of ZW admits a so{called Zassenhaus decomposition. This means that can be written as the composition of a central automorphism of ZW and a Z{linearly extended group automorphism of W.
By 20], (5.4c), it follows that the Z2{Conjecture even holds for all nite Coxeter groups (since they are direct products of irreducible ones). Note that the Z2{ Conjecture does not hold for arbitrary nite groups. A rst counter example was found by Roggenkamp and Scott, see 24] for such a construction and 21], 32], 35] for a survey of known results. The results proved in 2] indicate that it might hold for all simple groups of Lie type. Theorem 1.3 should be seen also in this context because a nite crystallographic Coxeter group provides much information about the representation theory of the associated group of Lie type.
The proofs of the above results will be obtained in Sections 2{5. The logical structure is roughly given as follows. The rst and crucial step is to establish Theorem 1.2. After some general preparations in Section 2 concerning class correspondences and their compatibility with certain character theoretic constructions, this will be done in Sections 3 and 4. For this argument we will need a case by case consideration but our proofs are reasonably self-contained in the sense that, both for the classical types and even for the large exceptional types, we only use general information which is avalaible in the tables in Carter's book 7], for example. All of the remaining assertions and the proof of Theorem 1.3 then follow from rather general arguments about nite re ection groups, see (4.6) and Section 5.
We remark that our approach provides new (and, in our opinion, more conceptual) proofs for some existing results. For example, the character table automorphisms of the symmetric group S n (the Coxeter group of type A n?1 ) have been determined by Peterson 31] . The reader should compare Peterson's argument with our approach described in 2.7, which also provides a good illustration of our methods in general. See also Remark 5.6 concerning known results about the isomorphism problem and the Zassenhaus Z2{Conjecture.
The above results will be completed by the following full description of all character In the exceptional case of type A 5 it is well known that the group W is isomorphic to the symmetric group S 6 and AutCT(W ) is cyclic of order 2, generated by an automorphism which maps the class of cycle type (2) to the class of cycle type (2; 2; 2).
At the end of Section 4 we give a table with the orders of the groups AutCT(W ) for all types of (W; S) and describe their structure. Then we can regard F as an A-module via f and obtain a corresponding specialized algebra FH := F A H. Every such specialization induces a decomposition map between the Grothendieck groups of irreducible representations of KH and FH (see 11]); this is completely analogous to the p-modular decomposition map for a nite group G and a prime p. As in 4] for integral group rings an A-algebra automorphism of H induces automorphisms of KH and FH and it must be compatible with the decomposition map. The action of the A-algebra automorphisms on quotients of FH which are Brauer tree algebras provide good informations about the nature of these automorphisms. This is again completely analogous to the methods used in 4]. It turns out that we obtain in particular strong obstructions to the existence of A-algebra automorphisms of H by using the specializations v 7 ! 1, in which case FH is the group algebra of W, and v 7 ! 2h , where h is the Coxeter number of W and 2h is a primitive 2h-root of unity. In the latter case, we determine explicitly the corresponding decomposition numbers in Theorem 6.6. This will allow us to prove the following result which was actually the main motivation for this article. It is likely that at least some of the above results extend to the case where W is a nite complex re ection groups. This will be discussed elsewhere.
Character table automorphisms and class correspondences
In this section we consider two nite groups H and G and bijections from the set of conjugacy classes of H to the set of conjugacy classes of G (if such bijections exist at all). Among all such bijections we take a closer look at what we would like to call central Brauer class correspondences which appear in problems concerning isomorphisms between the integral group rings of H and G (cf. Section 5). The de nitions in 2.1, 2.6 and the (easy) results in 2.2, 2.3 are usually formulated under the assumption that a class correspondence is induced by a normalized isomorphism of the groups rings of H and G. Our point here is to develop the theory starting with the de nition in 2.1. The main applications are 2.4 and 2.5, where compatibility properties of these class correspondences with the construction of symmetrizations of characters are considered. These properties are the key tools in the proofs of the results stated in Section 1.
Let us rst introduce some notation. For any nite group G we denote by Cl(G) the set of conjugacy classes of G. For g 2 G we let C g be the conjugacy class of g in G, andĈ g the corresponding class sum in ZG. For any integer k 1 the k-th powermap is de ned as the map Cl(G) ! Cl(G), C 7 ! C k] , where C k] is the class of an k-th power of an element in C.
Let CF(G) denote the space of class functions f : G ! C . We extend such a function linearly to C G and denote it by the same symbol. In order to simplify notation we shall also regard a class function as a map f : Cl(G) ! C so that we can write f(C g ) instead of f(g). For f 1 ; f 2 
where a(C 1 ; C 2 ; C) = jf(x; y) 2 C 1 C 2 j xy = zgj for some xed element z 2 C.
The coe cients are determined from the character table of H by the formula a(C 1 ; C 2 ; C) = jC 1 jjC 2 j jHj
:
Assume now that preserves characters. Since the lengths of the conjugacy classes of a nite group are determined by the second orthogonality relations for the irreducible characters of that group, we have j (C)j = jCj for all C 2 Cl(H). We can then replace each by ( ) on the right hand side of the above formula and obtain that a(C 1 ; C 2 ; C) = a( (C 1 ); (C 2 ); (C)):
This proves that^ is a ring homomorphism. Since the trivial class is the only class such that all character values are positive real numbers, the identity elements are preserved under^ . Conversely, assume that^ is a ring homomorphism. At rst we claim that then preserves class lengths. Indeed, let x 2 H and consider the product
a(C x ; C x ?1 ; C)Ĉ:
The above formula for the coe cients shows that a(C x ; C x ?1; f1g) = jC x j. Since^ preserves the identity elements, the class f1g also appears with multiplicity jC x j in the product of the images ofĈ x andĈ x ?1 under^ . In particular, this multiplicity is non-zero and so (C x ?1) is the class containing the inverses of the elements in the class (C x ). This implies our claim.
Let 2 Irr(G) and ! : Z(C G) ! C the corresponding central character. Then the composition of^ (extended C {linearly to Z(C H)) with ! is an algebra homomorphism Z(C H) ! C . Hence it must be of the form ! for a unique 2 Irr(H).
The formula
(for C 2 Cl(G)) then implies that ( ) = , hence is preserves irreducible characters. The above arguments prove the asserted equivalence of being central and being character preserving. We have also seen that then preserves the lengths of classes. This implies that (f 1 ; f 2 ) G = ( (f 1 ); (f 2 )) H for all f 1 ; f 2 2 CF(G); hence de nes an isometry from CF(G) to CF(H).
We will now derive some restrictions on the possible e ect of a central Brauer class Before we study nite Coxeter groups in general we consider the following quite typical application of the above techniques.
2.7. The symmetric groups. The character table automorphisms of G = S n have been determined by Peterson 31] : they are always trivial unless n = 6 in which case there is a unique non-trivial automorphism given by the group automorphism which maps the class of cycle type (2) to the class of cycle type (2; 2; 2).
Our methods will provide a new proof of this result. The rst step in our argument is to consider the character of the natural permutation representation of G and to show that if 2 AutCT(G) xes then is trivial. This is done as follows, using the above techniques. (a) For n 6 = 1; 2; 3; 6 there are only two irreducible characters of degree n ? 1: these are the characters and sgn.
(b) The group S 6 has four irreducible characters of degree 5. Now let 2 AutCT(G) be arbitrary. We want to show that is trivial if n 6 = 6. We Every character table automorphism of S n (for n 2) which xes the class containing the basic transposition (1; 2) must be trivial.
Character table automorphisms for exceptional types
Throughout this and the following section we let (W; S) be an irreducible nite
Coxeter system, and the character of the standard re ection representation. Let
AutCT (W ) be the subgroup of all 2 AutCT(W ) such that ( ) = . The principal aim in this section is to establish some general results which will be useful in the proof of Theorem 1.2, and to check this Theorem for Coxeter groups of exceptional types: for E 6 ; E 7 ; E 8 see 3.5, for F 4 see 3.6, for I 2 (m) see 3.7, for H 3 ; H 4 see 3.8. The classical types B n and D n will be considered in Section 4.
In the course of the proof we also produce additional information for each type to show that Theorem 1.4 holds. Lemma 3.1. Let C 2 Cl(G) such that C \ S 6 = ; and 2 AutCT (W ). Then (C) \ S 6 = ;. Proof. Let w 2 (C). We must show that w is conjugate to some element in S. It will therefore be su cient to show that J consists of just one element of S.
Since w is conjugate to ?I 2 GL(V J ) the character value (w) or, in other words, the trace of w 2 GL(V ) is given by jSj ? 2jJj. Since xes , this value must be equal to jSj ? 2 and so we conclude that jJj = 1. This polynomial is called the fake degree of , and the formula in 7], Proposition 11.1.1, shows that it can be computed from the character values of and the characteristic polynomials of . Using Corollary 2.5 we can therefore conclude that P( ( )) = P( ) for all 2 Irr(W ) and all 2 AutCT (W ):
The fake degrees are known in all cases (respectively, can be easily computed from the ordinary character table of W). It follows for example that if every irreducible character of W is uniquely determined by its fake degree then AutCT (W ) = 1.
In the following paragraphs we use the above techniques to prove Theorem 1. C and C 0 denote the 12th and the 17th class in this table. These classes contain generators in S and they are interchanged by the unique non-trivial graph automorphism of W. Lemma 3.1 shows that either xes or interchanges these two classes. By composing with the non-trivial graph automorphism if necessary, we may therefore assume that (C) = C and (C 0 ) = C 0 . But then we see in the table that every irreducible character of degree 6 = 6 is uniquely determined by its values on 1; C; C 0 . Since the two characters of degree 6 are xed anyway (they are the 2nd and 3rd exterior power of ), must be trivial. This proves (a). Hence there is a non-trivial duality automorphism 2 Aut(W ) (arising from sgn).
This automorphism xes the class of s 1 s 2 but does not x the class of s 1 , while algebraic conjugation xes the latter and does not x the former. We conclude that jAutCT(W)j = 4, and (c) follows.
It remains the question whether the non-trivial eld automorphism is also induced by a group automorphism of W. This is indeed so. 
Character table automorphisms for classical types
We keep the notation from the previous section and consider now Coxeter groups of type B n and D n (see 4.3, 4.4, and 4.5). Our strategy will be very roughly the same as for the symmetric groups S n in 2.7. We show that there are only very few (faithful) irreducible characters of degree n and that all these are permuted among themselves by duality automorphisms. Then we prove using the characteristic polynomials of the elements of the group that every automorphism which xes the re ection character must be a graph automorphism. In particular, we show that Theorem 1.2 and Theorem 1.4 hold for types B n and D n .
At the end of this section we can then also complete the proof of Theorem 1.1 but note that, once Theorem 1.2 is established, the surjectivity of the map Aut(W ) ! AutCT(W ) will also follow from a general argument in Section 5.
4.1. Coxeter groups of types B n and D n . Let n 2 and let W n GL(n; R) be the group of all matrices which have exactly one non-zero entry in each row and column, and where this non-zero entry is 1. Let be the character of W n given by the trace.
Let t 2 W n be the diagonal matrix with entries (?1; 1; : : : ; 1) and s i 2 W n (for 1 i n ? 1) the matrix obtained from the identity matrix by interchanging the i-th and the (i + 1)-th row. Then S = ft; s 1 ; : : : ; s n?1 g generates W n and (W n ; S) is a Coxeter system of type B n , and is the re ection character of (W n ; S).
Let u := ts 1 t 2 W n and S 0 := fu; s 1 ; : : : ; s n?1 g. We de ne W 0 n W n to be the subgroup generated by S 0 . Then (W 0 n ; S 0 ) is a Coxeter system of type D n and the re ection character is given by the restriction of to W 0 n . The relations among the generators are given by the following diagrams. In each case the generators fs 1 ; : : : ; s n?1 g form a subsystem of type A n?1 . Let H = S n be the subgroup generated by them.
In type B n we de ne t 0 := t and t i := s i t i?1 s i for 1 i n ? 1. Then N := ht 0 ; : : : ; t n?1 i is an elementary abelian normal subgroup of order 2 n in W n , and we have a semidirect product decomposition W n = N:H. b(n; a) 1 2 n(n ? 1) if 1 < a < n ? 1: (a) Assume that 2 Irr(W n ) has degree n and satis es (t) 6 = n. The above inequaliy implies that a = 0; 1; n ? 1; n. Assume that a = 0 or a = n. Then the restriction of is just a multiple of hence (t) = n. This is impossible and so we have a = 1 or n ? 1. In this case, is induced from a linear character of N:H a .
Hence there are only four possibilities for : we can choose a = 1; n?1, and we can choose one of the two linear characters of H a = S n?1 . On the other hand, there are four linear characters of W n given by t; s 1 7 ! 1. If we tensor with these four linear characters we obtain four distinct characters with value 6 = n on t (since n 3). So we are done.
(b) Assume that 2 Irr(W 0 n ) is of degree n such that (u 1 ) 6 = n. Since W 0 n is a normal subgroup in W n of index 2, there are two possibilites: either can be extended to W n , or the induction of to W n is an irreducible character of W n .
Assume that the rst is the case. If the extension of to W n had value n on t then the discussion in the above proof of (a) shows that the restriction of that extension to N would have to be a multiple of a linear character of N such that either 2 Irr(H a ). The above inequality for binomial coe cients and a similar argument as in (a) shows that the only possibilities are a = 1; n ? 1 (for n 6) or a = 0; n (for n = 4). In the rst case, this forces that (1) = 2. But since 2 Irr(H a ) and H a = S n?1 this is impossible. Hence we are in the second case n = 4. The restriction of our character of degree 8 = 2n to N is a multiple of a linear character of N invariant under W n . Hence a similar statement would hold for the restriction of to N 0 which, again, is impossible. Assume that 2 AutCT (W n ). We must show that all classes are xed by .
This will be done in three steps.
Step 1. Let C be the class of t and C 0 the class of s 1 . We start by showing that these two classes are xed.
Indeed, since 2 AutCT (W n ) we conclude, using Lemma 3.1, that (C) 2 fC; C 0 g. Now t lies in a proper normal subgroup of W n while s 1 does not. Using Corollary 2.3(b) we conclude that xes both C and C 0 .
Step 2. Let : W n ! H be the canonical map with kernel N. As a normal subgroup, N is generated by t. (see also our remarks in 2.7), must be trivial. This is clear for n 6 = 6; for n = 6 note that the class of s 1 (the basic transpositions in H) is xed by .
Step 3. Now let ( ; ) be any pair of partitions as in (4.1). If we take the collection of all parts of and and put them in increasing order, we obtain a partition of n which we shall denote by := ?( ; ). Proof. If n 5 is odd then we have a direct product decomposition W n = h?Ii W 0 n , and the result in this case follows easily from the result for W n .
Let us assume from now on that n is even. Let 2 AutCT(W 0 n ). The strategy is roughly the same as in the proof of Proposition 4.3.
The composition of with is a faithful irreducible character of W 0 n of degree n.
Using Lemma 4.2 we conclude that ( ) = for some linear character : W 0 n ! f 1g. As in the proof of Proposition 4.3 we can check that de nes a duality automorphism of W 0 n .
Hence we can assume that 2 AutCT (W 0 n ) and it remains to show that it is given by a graph automorphism.
Step 1. At rst we show that the class of s 1 is xed. This follows immediately from Lemma 3.1 since all generators in S are conjugate.
Step Step 3. Now let C 2 Cl(W 0 n ) be labelled by a pair of partitions ( ; ) as in (4.1).
The same argument as in No. of class 1 2 3 4 5 6 7 8 9 10 11 This table shows that all those classes are xed on which has a non-zero value. Looking at the order of elements we see that only the classes no. 2,7,8 respectively no. 5,12,13 can be permuted among themselves. Taking also into account the 2-powermap we see that the permutation of the classes no. 2,7,8 is determined by the permutation of the classes no. 5,12,13. These arguments imply that jAutCT (W 0 4 )j 6. On the other hand, there are six di erent graph automorphisms, and using the representatives it is easy to check that they generate AutCT (W 0 4 ). Since xes all classes we have ( ) = and hence there exists some g 2 GL(V ) such that (w) = gwg ?1 for all w 2 W. Thus, is realized as conjugation with g inside GL(V ).
Let r 2 and w r 2 W the re ection with root r. Since xes all classes we have (w r ) = ww r w ?1 for some w 2 W. Hence (w r ) is the re ection with root w(r). On the other hand, we have (w r )(g(r)) = gw r g ?1 (g(r)) = gw r (r) = g(?r) = ?g(r). This means that g(r) is an eigenvector of (w r ) with eigenvalue ?1. Since (w r ) is a re ection, the eigenspace to the eigenvalue ?1 has dimension 1. So there exists a sign " r and a positive real number r such that g(r) = " r r w(r). Finally, it remains to observe that non-trivial graph automorphisms exist only for types A n , D n , E 6 , F 4 and I 2 (m). In types A n , D n (n odd), E 6 and I 2 (m) (m odd) such a non-trivial graph automorphism is given by conjugation with the longest element in W hence it is inner. In the remaining cases, it is easily checked using the results in this and the previous section that every non-trivial graph-automorphism acts non-trivially on the classes of W. Hence our graph automorphism de ned by the element g 0 (which still xes all classes of W) must be inner and we are done.
The orders of AutCT(W).
For each type of (W; S), except A 5 and I 2 (m), the order of AutCT(W ) can be written as a product of three factors g; d; f which are the number of graph, duality and eld automorphisms, respectively. For the crystallographic types we omit the third factor which is always 1 in these cases. . Since preserves powermaps we conclude that 2 ( 0 ) = 2 ( ) = 1. Hence, indeed, 0 is a orded by a real representation.
Since is the character of a faithful representation, the same holds for 0 . Thus, we obtain an embedding H GL(V ) where V is a real vectorspace of dimension jSj, and 0 is the character given by the usual trace. We can also choose an H{invariant scalar product on V so that H lies in the orthogonal group of V with respect to this product. It remains to check that H is generated by re ections in GL(V ), that is, by elements of order 2 with precisely one eigenvalue ?1. This is done as follows. Let Then there exists a group automorphism : H ! H such that 2 = 1 .
Proof. Fix an integer n 1. Let V be an n-dimensional real vectorspace such that H GL(V ) is an irreducible subgroup generated by re ections. Let be the corresponding irreducible root system in V and a system of fundamental roots. We choose an H{invariant scalar product on V and assume that all roots have norm 1. Let S H denote the set of re ections with roots in . Then (H; S)
is a nite irreducible Coxeter system. We have jSj = j j = n. Suppose this is the case. Then we deduce that, given S, there is only one irreducible character of degree n which is the character of a faithful re ection representation of H. A di erent choice of the subset S leads to a Coxeter system of the same type, and hence there exists a group automorphism which transforms them into each other. It remains to consider the non-cystallographic types. The problem then is that there are several (algebraically conjugate) Cartan matrices A corresponding to the same Coxeter matrix M. It is easily checked using the results in 3.7 and 3.8 that any two irreducible characters corresponding to faithful re ection representations of H can be obtained from each other by a eld automorphism. But we have also checked in 3.7 and 3.8 that every such eld automorphism is induced from a group automorphism. This completes the proof. We will now give a brief summary of these results. We use the abbreviation (IP) for the isomorphism problem and (AUT) for the property that normalized ring automorphisms admit a Zassenhaus decomposition.
(a) Problem (IP) has a positive solution for a given group if this group is determined up to isomorphism by its character . Hence we conclude that 2h has multiplicity either 0 or 1 as an irreducible factor in P=D . Accordingly, we say that has h -defect 0 respectively 1.
By 11], Proposition 9.3, this implies that the connected components of the hmodular Brauer graph are trees (in fact, just straight lines). It is also known (cf. 11], x8) that if 2 Irr(KH) has h -defect 0 then f g is a block of KH. Therefore, in order to nd non-trivial blocks we have to consider the characters of h -defect 1. It turnes out that these are precisely the characters which correspond to the exterior powers of the character of the standard re ection of W under the bijection in 6.3. Lemma 6.5. Let 0 k jSj and ^k the k-th exterior power of . Then ^k is irreducible and the character of KH corresponding to it under the bijection in 6.3 has h -defect 1. All irreducible characters of KH with h -defect 1 are obtained in this way. Proof. For the irreducibility of ^k see 8], Theorem 9.13. The statement about hdefects could be checked case-by-case using the known tables for generic degrees. A general argument using algebraic groups goes as follows.
Let G be a simple algebraic group de ned over F q with corresponding Frobenius map F. We assume that G contains an F-stable maximal torus T 0 which is split, and that the Weyl group of T 0 is isomorphic to W. Let and so this is a lower triangular matrix with 1's along the diagonal. The above commutative diagram shows that we obtain the same multiplicities on the level of KH. The above remarks concerning induction and projective characters imply that the columns of M are sums of the columns of D (note that we omitted the column corresponding to the subset S 0 = S), and so we have a factorization M = DP where P is a matrix with non-negative integer coe cients.
We can now prove that B is just a single block. Indeed, each non-trivial block in B yields exactly one non-trivial linear relation among the columns of D (since its Brauer graph is a straight line). But the columns of M are obviously linearly independent. So the equation M = DP implies that D has exactly rank n and hence B is a single block. This also implies that P is a square matrix of size n such that det P = 1.
It remains to prove that the characters in B are arranged on the tree in the correct order. The following are standard arguments concerning triangular decomposition matrices. Since B is a single block and its Brauer graph is just a straight line, every column of D contains precisely two non-zero entries (which are 1). Hence, if we take ind, say, as the rst character there is a unique ordering of the rows of D so that D has a lower unitriangular shape (and this ordering gives the correct labelling of the vertices of the Brauer tree). It is easy to check that, under these conditions, the factorization problem M = DP has a unique solution, and that this solution just says that the rows of D have to be ordered in the same way as the rows of M so as to give a lower triangular shape. This completes the proof. (For (W; S) of type E 6 ; E 7 ; E 8 the result has already been obtained by explicit computation in 11], Theorem 12.5, 12.6, 12.7 respectively.) Now we return to A-automorphisms of H and consider their e ect on the two representations ind: T s 7 ! u and sgn: T s 7 ! ?1 (s 2 S). Corollary 6.7. Let : H ! H be an A-algebra automorphism and consider the induced bijection on Irr(KH). Then either xes ind or interchanges ind and sgn.
If it xes ind then it also xes the character of KH corresponding to 2 Irr(W ).
Proof. By 6.2, the automorphism induces a symmetry of the h -modular Brauer graph of H. By Theorem 6.6, this graph consists of isolated vertices and a straight line with vertices labelled by the exterior powers of . Hence, the latter component must be left invariant. So either interchanges the two end points of this straight line or xes all vertices of it. Since these two end points are labelled by ind and sgn, and since labels one of the other vertices, we are done.
6.8. Proof of Theorem 1.6. Let : H ! H be an A-algebra automorphism.
Corollary 6.7 shows that by composing with the Alvis-Curtis duality if necessary, we can always assume that is normalized (in the sense of De nition 1.5). We must show there exists a graph automorphism of H so that its composition with xes every element in the center of H.
Since is assumed to be normalized, it xes ind hence it also xes the irreducible character of KH corresponding to 2 Irr(W ), by Corollary 6.7.
Consider the specialization v 7 ! 1 and denote by 1 
